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Genetic Structures in Finite, Open-pollinated Plant Populations" 
A Model and its Application to Seed Orchards 
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Lehrstuhl fdr Forstgenetik und Forstpflanzenztichtung der Universit~it GSttingen (BRD) 

Summary. A model has been constructed to investigate the consequences of the rate of self-fertilization, pollen- 
dispersal, population-size, and number of clones on the genetic structure of finite seed plant populations. Deriva- 
tions have been performed for two different cases: 
A) Parental genetic structure explicitly given: inferences for the expected genetic structure of the resulting seed 
populat ion ; 
B) Ex tens ion  of c a s e  A) to s e v e r a l  non -ove r l app ing  g e n e r a t i o n s .  

If r andom c r o s s - f e r t i l i z a t i o n  i s  a s s u m e d  for  c a s e  A) the gene t ic  compos i t i on  does  not change and the gene t ic  
d i s tance  be tween the c o r r e s p o n d i n g  H a r d y - W e i n b e r g - s t r u c t u r e  and the expec ted  o f f s p r i n g - s t r u c t u r e  is  0 i f  the r a t e  
of s e l f - f e r t i l i z a t i o n  is  equal  to ~. (N = p o p u l a t i o n - s i z e )  ; any devia t ion  f rom 4r c a u s e s  an i n c r e a s e  in gene t i c  d i s -  
t ance .  

in c a s e  B) the expec ted  gene t ic  s t r u c t u r e s  have been de r i ved  for  al l  g e n e r a t i o n s  and it was pos s ib l e  to e s t a b l i s h  
a c o m p a r a t i v e l y  s imp le  dependence  on the coef f ic ien t  of i nb reed ing .  In addi t ion the v a r i a n c e  of the a l l e l e - f r e q u e n c y  
has been presented. All the above influential components can be summarized by a single quantity, called M. After 
proving that ~ can be conceived as the effective population-size, all the results obtained could be preser~ted de- 
pending on this effective size and the average rate of self-fertilization only. 

Applying the findings of the model to the situation realized approximately in a seed-orchard, the following 
statements can be made: 
Case A) Again assuming random cross-fertilization, a deviation of the parental population from the corresponding 
Hardy-Weinberg-proportions can, with increasing rate of self-fertilization, be exceeded by the respective devia- 
tion of the seed  populat ion.  C a s e  B) The inf luence  of  pol len  d i s p e r s a l  on the e f f ec t i ve  populat ion s i z e  has  been in -  
ves t iga t ed ,  a s suming  no v a r i a t i o n  of the individual  r a t e s  of s e l f - f e r t i l i z a t i o n ,  po l len  and s e e d  p roduc t ion  within the 
populat ion.  Only e x t r e m e l y  sma l l  d i f f e r e n c e s  be tween e f f ec t i ve  and ac tual  populat ion s i z e  w e r e  obta ined,  which in -  
d i ca te s  that  the inf luence  of pol len  d i s p e r s a l  is  of  m i n o r  i m p o r t a n c e  in th is  c a s e .  F o r  d i f fe ren t  r a t e s  of s e l f - f e r t i -  
l i za t ion ,  s igni f icant  d i f f e r e n c e s  in the i n c r e m e n t s  pe r  gene ra t i on  fo r  the coe f f i c i en t s  of i nb reed ing ,  as  well  as  the 
f r equency  of homozygo tes ,  were  obta ined for  the f i r s t  gene ra t i on  only .  D e c r e a s i n g  n u m b e r  of  c lones  in f luences  the 
r a t e  of s e l f - f e r t i l i z a t i o n  and the e f f ec t ive  populat ion s i z e  s i m u l t a n e o u s l y  by i n c r e a s i n g  the f i r s t  and d e c r e a s i n g  the 
l a t t e r .  This is t r a n s f e r r e d  to the coef f ic ien t  of i nb reed ing ,  f r equency  of the homozygo te s  and the v a r i a n c e  of the a l l e l e  
f r equency  by an i n c r e a s e  of i n c r e m e n t s  fo r  all  g e n e r a t i o n s .  

Introduction 

Any kind of breeding system may be regarded as acting 

upon the genetic variability contained in a real or hypo- 

thetical base population, where the pattern of variability 

is completely determined by the set of corresponding ge- 

notypic frequencies - denoted as the genetic structure - 

which in turn fix the set of gene frequencies - denoted as 

the genetic composition. This variability may be reduced 

where the predominating components of the breeding 

system are, for example special kinds of selecting or 

dr i f t  in sma l l  popula t ions ,  which at the e x t r e m e  can 

cause  a high amount  of  inb reed ing  and a l o s s  of  genes  

o r i g ina l l y  p r e s e n t  in the base  popula t ion.  A phenomenon 

of th is  kind cons t i t u t e s  a r i s k ,  the i m p o r t a n c e  of which 

depends  heav i ly  on the kind of o r g a n i s m  c o n s i d e r e d .  If, 

for  i n s t ance ,  plant s p e c i e s  a r e  c o n s i d e r e d  which occupy 

v e r y  h e t e r o g e n e o u s  e n v i r o n m e n t s  o r  have long gene ra t i on  

c y c l e s ,  r educed  gene t ic  v a r i a b i l i t y  will  imply  low adapt -  

ability and restrains separate generations from genetic 

exchange. Situations like these are commonly met in 

forest tree breeding when establishing seed orchards. 

The present paper treats especially the consequences 

implied for their genetic structures by characteristic 

components of the mating system found in seed orchards. 

The emphasis will be put on the role played by the rate of 

self-fertilization, mode and range of pollen dispersal, 

population size and number of clones. This set of para- 

meters determines to a great extent the amount of in- 

breeding and kinship and deviations from random-mating. 

Of course there are many other factors which influ- 

ence the breeding system displayed in seed orchards, 

such as variation in flowering times, seed and pollen 

production. But too little is known about the genetic 

control of components like these, so that reasonable 

assumptions concerning implications for the genetic 

structure can not be made. 
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An investigation of genetic structures in seed or- 

chards can be performed from two different points of 

view : 

A) Representations refer exclusively to the expected 

genetic structure within the seed production of a given 

seed orchard. The aim is to state how far the parental 

structure is reflected by the seed population. 

B) Assuming that populations derived from the seed 

production of a seed orchard are used to establish future 

generations, considerations concerning the risk caused 

by reduction of genetic variability obtain increasing im- 

portance. To demonstrate this expected risk, investiga- 

tions are extended to an arbitrary number of genera- 

tions. 

A comparison of this kind can not be performed if the 

information about the genetic structure of the parental 

population is not more explicitly given, but rather refers 

t o t h e  e x p e c t e d  s t r u c t u r e .  In t h i s  c a s e  a l l  t h e  g e n o t y p e -  

a n d  g e n e - f r e q u e n c i e s  of  t h e  two g e n e r a t i o n s  c a n  no t  b e  

r e g a r d e d  a s  a c t u a l l y  e x i s t i n g  g e n e t i c  s t r u c t u r e s  in  t h e  

sense mentioned above; they merely denote the prob- 

ability of a single genotype or gene occurring in the po- 

pulation. The same concept underlies the definition of 

the coefficient of inbreeding and kinship, both of which 

therefore have to be treated within the scope of this con- 

cept. One of the aims of this paper shall be to demon- 

strate the relationship between the coefficients of in- 

breeding and kinship and the genotypic probability struc- 

ture for the model applied. 

I. Theoretical derivations 

I.I. Preliminary remark 

As already mentioned, an investigation of genotype-fre- 

quencies (genetic structure) andgene-frequencies (ge- 

netic composition) in finite populations can be based on 

two different prerequisites: firstly, one maybe inter- 

ested in finding the expected genetic structure of the pro- 

geny of a parental population, whose members are explic- 

itly described by their genotypes, thus considering merely 

the realized genetic structures of the parental genera- 

tion and not their probabilities of occurrence; secondly, 

no exact knowledge about the actual genetic structure of 

the l)arental population is available, and therefore some 

assumptions concerning the probability distribution of this 

structure - which then has to be regarded as a random 

variable - have to be made. 

Obviously, the expected genetic structure of the pro- 

geny in the latter case is obtained from the first case by 

taking the expectation with respect to the probability- 

distribution of the parental structure. 

A clear distinction between these two situations is ne- 

cessary when applying theoretically obtained results to 

actually existing populations, especially seed-plant po- 

pulations, which are able to produce a comparatively 

large number of offspring in the form of seeds. Such a 

seed population may be accepted as representing suffi- 

ciently well the expected genetic structure of the prog- 

eny of a specified set of parents. It will be very interest- 

ing to find the degree of concordance between the genetic 

structure and the composition of the parental and off- 

spring generations. 

1 . 2 .  The  m o d e l  

P o p u l a t i o n s  a r e  a s s u m e d  to h a v e  f i n i t e  s i z e  N a n d  c o n -  

s i s t  of  m o n o e c i o u s ,  d i p l o i d  s e e d - p l a n t s .  The  i n d i v i d u a l s  

a r e d i s t r i b u t e d o v e r  t h e i r  h a b i t a t  a c c o r d i n g  to a s p e c i f i e d  

p a t t e r n ,  so  t h a t  e a c h  p l a n t  c a n  b e  i d e n t i f i e d  by  i t s  l o c a -  

t i o n .  The f o l l o w i n g  c o n d i t i o n s  s h a l l  be  r e a l i z e d  a p p r o x i -  

m a t e l y :  no  i m m i g r a t i o n ,  m u t a t i o n ,  g a m e t i c  a n d  z y g o t i c  

s e l e c t i o n ;  no g e n e t i c a l l y  c a u s e d  v a r i a t i o n  of  t h e  a m o u n t s  

o f  p o l l e n -  a n d  s e e d - p r o d u c t i o n ,  of  t he  t y p e s  o f  p o l l e n -  

d i s p e r s a l  a n d  of  t h e  r a t e s  of  s e l f - f e r t i l i z a t i o n  a m o n g  t h e  

p l a n t s .  The  o v e r a l l  p o l l e n  p r o d u c t i o n  i s  s u f f i c i e n t l y  l a r g e  

to p o l l i n a t e  a l l  e g g s  p r e s e n t  in  t h e  p o p u l a t i o n .  Al l  p l a n t s  

f l o w e r  a t  t he  s a m e  t i m e .  

W h e r e  s e v e r a l  g e n e r a t i o n s  a r e  c o n s i d e r e d ,  t h e s e  a r e  

a s s u m e d t o  b e  d i s c r e t e  a n d  n o n - o v e r l a p p i n g ,  a n d  e a c h  o f f -  

s p r i n g  g e n e r a t i o n  i s  o b t a i n e d b y  t a k i n g  a r a n d o m  s a m p l e  

f r o m  t h e  o v e r a l l  s e e d - p r o d u c t i o n  of  t h e  p a r e n t a l  g e n e r a -  

t i o n ;  t h e  a s s i g n m e n t  of  t h e  i n d i v i d u a l s  of  t h i s  s a m p l e  to  

t h e i r  l o c a t i o n s  i s  a t  r a n d o m .  

B e c a u s e  we i n t e n d  to d e s c r i b e  t h e  i n f l u e n c e  of t h e  t y p e  

of  p o l l e n - d i s p e r s a l  a n d  t h e  r a t e  of  s e l f - f e r t i l i z a t i o n  on  t h e  

g e n e t i c  s t r u c t u r e ,  r e s p e c t i v e l y  on  t h e  a v e r a g e  c o e f f i c i e n t  

of  i n b r e e d i n g  a n d  k i n s h i p  of  a p o p u l a t i o n ,  a l l  t h e  f o l l o w -  

i ng  d e r i v a t i o n s  a s s u m e  t h a t  t h e  p r o b a b i l i t i e s  of  m a t i n g  

f o r  a l l  p a i r s  of  i n d i v i d u a l s  a r e  g i v e n  a s  f u n c t i o n s  of  t h e i r  

l o c a t i o n s ,  a n d  t h a t  t h e  s e e d - p r o d u c t i o n  of  e a c h  ( m o t h e r - )  

p l a n t  c a n  be  s p l i t  i n to  o n e  p a r t  r e s u l t i n g  f r o m  s e l f - f e r t i -  

l i z a t i o n  a n d  t h e  r e m a i n i n g  p a r t  r e s u l t i n g  f r o m  c r o s s -  

f e r t i l i z a t i o n .  

One  a u t o s o m a l  g e n e  l o c u s  w i t h  a n  a r b i t r a r y  n u m b e r  

of  a l l e l e s  A i i s  c o n s i d e r e d .  
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C a s e  A)  G e n e t i c  s t r u c t u r e  of  the  p a r e n t a l  p o p u l a t i o n  e x -  

p l i c i t l y  g i v e n .  This  s i t u a t i o n  m a y b e  d e s c r i b e d  by i d e n t i -  

fy ing  e a c h  ind iv idua l  by  the  p l a c e ,  s a y  k ,  i t  i s  l o c a t e d  at 

and the  g e n o t y p e  A A i t  h a s .  N a t u r a l l y k  = 1 , 2  . . . , N .  1 j 
To a l l o w  e x a c t  d e r i v a t i o n s  of  the  r e s u l t s  we sha l l  app ly  

K r o n e c k e r  ' s s y m b o l  : 

O i f i / j  
8 i-J : = and 

l i f i  = j  

G i l k  f 
l i f  the  g e n o t y p e  of  an  i nd iv idua l  l o c a t e d  at 

p l a c e  k i s  AiA i 

1 : = ~ i f  the  g e n o t y p e  o f  an  i nd iv idua l  l o c a t e d  at 

p l a c e  k i s  AiA j , 

0 i f  the  g e n o t y p e  o f  an  i n d i v i d u a l  l o c a t e d  at 

p l a c e  k i s  AjA1, j /~ i / 1 

O b v i o u s l y  i ~ G i [ k = 

F u r t h e r  

p ( i l k )  =: 

I for  a l l  k = I , . . . , N .  

n o t a t i o n s  : 

p r o b a b i l i t y  that  a s e e d  r a n d o m l y  d r a w n  f r o m  

the  c r o s s - f e r t i l i z e d  p a r t  of  t h e  s e e d - p r o -  

duc t ion  of  a p l an t  l o c a t e d  at p l a c e  k c o n t a i n s  

a p o l l e n  which  h a s  b e e n  p r o d u c e d  by a p lan t  

l o c a t e d  at  p l a c e  i .  

N 

O b v i o u s l y  p ( k l k )  = 0 and ~ p ( i l k )  = I f o r  
i = l  

qk 
:= 

S k : = 

a l l  k = 1 , . . . , N .  

r a t e  of  s e l f - f e r t i l i z a t i o n  w i th in  the  s e e d - p r o -  

duc t ion  o f  a p lan t  l o c a t e d  at p l a c e  k .  

p r o b a b i l i t y  that  a s e e d  r a n d o m l y  d r a w n  f r o m  

the  o v e r a l l  s e e d - p r o d u c t i o n  of  t he  p o p u l a t i o n  

o r i g i n a t e s  f r o m  a p lan t  l o c a t e d  at p l a c e  k .  

N 
~, Sk = 1. 

k = l  

p!, 
1 

p!i. 
ij 

p.I 
1j 

I 

Pi 

: = f r e q u e n c y  of  t he  a l l e l  A i in t he  p a r e n t a l  p o -  

p u l a t i o n .  

: = f r e q u e n c y  of  t he  g e n o t y p e  AiA j in t h e  p a r e n -  

ta l  p o p u l a t i o n .  

: = p r o b a b i l i t y  tha t  a s e e d  r a n d o m l y  d r a w n  f r o m  

t h e  o v e r a l l  s e e d - p r o d u c t i o n  of  t h e  p o p u l a -  

t i on  h a s  g e n o t y p e  AiA j- 

:= p.,. + 1 ) p,.. 

J 
j~i 

With t h e s e  n o t a t i o n s  the  r e a l i z e d  g e n e t i c  s t r u c t u r e  in 

r e l a t i o n  to c o m p o s i t i o n  of  t he  p a r e n t a l  p o p u l a t i o n  i s  g i v -  

en by the set of the P!'M's and the Pi" 's, respectively, 

while the expected genetic structure and composition of 

the seed-population is given by the set of probabilities, 

PJ.ll and Pi" respectively. 

Clearly 

N 
,, 1 ~, 

Pi = ~ " Gilk 
k = l  

N 

p!, 4 E 1 j = ~ "  Gi l  k �9 Gj l  k f o r  i r  

k = l  

and 

N 
2 Z 

k=l 

Considering that G i I k may be regarded as the prob- 

ability that an allele randomly drawn from the genotype 

of an individual located at place k is Ai, the probabili- 

ties P.'. can be computed in a straightforward way: 13 

P [ j  = ( 2 - 8 i j ) .  Skqk " Gi l  k " Gj] k + 

N N 
1 

+~" E S k ( 1 - q k ) "  Gi, k " E P ( I [ k ) "  GjlI+ 
k = l  1=1 

+ "~ Sk( Ik " I1 ' 
k = l  1=1 

(la) 
and from this 

N 

Pi = ~" Sk(1+qk) " Gi lk  + 

k= l  

N N 
1 

k = l  i=I 

( l b )  

This general representation is suitable for comput- 

ing a great variety of different actual situations, but it 

is too difficult to survey if one intends to make apparent 

specific properties of the genetic structure relate to 

composition, which are due to certain influences. This 

is because, in the general case, the representation de- 

pends heavily on the locations of the genotypes, a cora- 
l 

plication which can be cancelled by assuming s k = ~, 
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qk = q f o r  a l l  k and c r o s s f e r t i l i z a t i o n  to o c c u r  at r a n -  

f o r  a l l  1 /k .  F r o m  that  do ra ,  i . e .  p ( l l k )  

P" '  : n  Pi ' 2 ( l - q )  " ~ N  + ~ ( P i i l  . . . .  + P i ) ( 1 - ( l - q )  " N----~- ) 

( 2 a )  

P. ' .  = 2Pl'p i ' ( I - q )  " ~ +  2 ij  1 - ( l - q )  �9 f o r i / j  1J 

(25) 

and  Pi ' = Pi '  a s  c a n  be  p r o v e d  e a s i l y ,  i . e .  t he  g e n e t i c  

composition does not  change. 

Here, especially, the question arises as to which 

conditions, in addition to random cross-fertilization, 

have to be fulfilled so that the expected genetic struc- 

ture of the seed population is equal to the corresponding 

Hardy-Weinberg-proportions. A solution to this problem 

can be given by applying the genetic distance d between 

the two structures (in a version stated by Gregorius 

1974) : 

d : ~ -  I P i i  - Pi 21 + I P1s"' - 2p~ Pj'I . If we c o n -  

i , j  
i < j  

1 (p . . . .  ) _ p~,2 
sider that always ~ ii + Pi >~ O, d can be writ- 

ten a s  

1 d : 11- (l-q) NN _ I - (3) 

�9 ( P i i  P i )  - P i  '2 + 12pi'Pi' - Z ij  I 

i < j  

C a s e  B) The e x p e c t e d  g e n e t i c  s t r u c t u r e s .  A s  m e n t i o n e d  

b e f o r e ,  t h i s  p r o b l e m  can  be  s o l v e d  by t ak ing  the  e x p e c -  

t a t i o n  of  e q u a t i o n  ( l a )  with r e s p e c t  to the  p r o b a b i l i t y -  

d i s t r i b u t i o n  of  t h e  g e n e t i c  s t r u c t u r e  of  t he  p a r e n t a l  popu -  

l a t i o n ,  in which  c a s e  the  q u a n t i t i e s  G i i k  have  to be  r e -  

g a r d e d  a s  r a n d o m  v a r i a b l e s .  But  b e c a u s e  th i s  would  r e -  

q u i r e  a lot  of  p r e l i m i n a r y  e x p l a n a t i o n s  wh ich  r a t h e r  c o m -  

p l i c a t e  the  d e r i v a t i o n s ,  we d e c i d e d  to c h o o s e  a n o t h e r  

a p p r o a c h ,  which  of  c o u r s e  l e a d s  to the  s a m e  r e s u l t s � 9  

C o n s i d e r a t i o n s  wi l l  now be e x t e n d e d  o v e r  s e v e r a l  g e n e -  

r a t i o n s  a c c o r d i n g  to the  a s s u m p t i o n s  at t he  b e g i n n i n g .  

The f o l l o w i n g  n o t a t i o n s  wi l l  be  a p p l i e d :  

~t  = : r a t e  of  s e l f - f e r t i l i z a t i o n  wi th in  t he  average 

seed-production of generation t. 

M t =: probability that two alleles randomly taken 

from two distinct individuals in generation t 

are derived from the same individual in ge- 

neration t-1. 

p.t. =: p r o b a b i l i t y  tha t  an ind iv idua l  r a n d o m l y  t aken  13 
f r o m  g e n e r a t i o n  t ha s  geno type  A . A . .  

1 ] 
R. t. =: p r o b a b i l i t y  tha t  two a l l e l e s  r a n d o m l y  t aken  

1j 
f r o m  two d i s t i n c t  i n d i v i d u a l s  in g e n e r a t i o n  

t a r e  A. and A.. 
1 J 

ft  =: a v e r a g e  c o e f f i c i e n t  of i n b r e e d i n g  in g e n e r -  

a t ion  t .  

%0 t = : a v e r a g e  c o e f f i c i e n t  of  k insh ip  in g e n e r a t i o n  t .  

t p t  1 E p t  r t R t 1 E R t "  
Pi =: ii + ~  " ij ; i =: ii + ~  " i S" 

j ~ i  j}i  

Thus  d = 0 if  t he  s e e d  p o p u l a t i o n  a t t a i n s  H a r -  

d y - W e i n b e r g - p r o p o r t i o n s ,  wh ich  i s  e q u i v a l e n t  to 

1 - ( 1 - q ) ~ =  0 o r  

_ . , ,  1 p  1 ,, + p l ,  ) -P 2 ( P i t  i ' 2 = 0  f o r  a l l i a n d  2PiP j  2 ij  = 0  

1 f o r  a l l  i / j � 9  Thus  d = 0 if  and  on ly  i f  q = ~  ( c o m p l e t e  

p a n m i x i a )  o r  a l l  m e m b e r s  of  the  p a r e n t a l  popu l a t i on  

h a v e  the  s a m e  g e n o t y p e .  

T h e r e f o r e  a b s e n c e  o f  s e l f - f e r t i l i z a t i o n  (q=0)  can  not  

be  t r e a t e d  a s  e q u i v a l e n t  to d i o e c i s m  - which  would  l e a d  

to H a r d y - W e i n b e r g - p r o p o r t i o n s  - a s  i s  c o m m o n l y  done  

in t he  t e c h n i c a l  l i t e r a t u r e .  

F u r t h e r m o r e  f o r  l a r g e  p o p u l a t i o n - s i z e  N, i . e .  
N ~ 1 "  ~ 1, t he  a b o v e  e q u a t i o n s  r e d u c e  to a we l l  known 

r e s u l t  f o r  p a r t i a l  s e l f - f e r t i l i z a t i o n  ( s e e  e . g .  C r o w  and 

K i m u r a ,  1970,  p . 9 3 ) .  

With  the  h e l p  of  t he  p r e v i o u s l y  d e f i n e d  q u a n t i t i e s ,  we 

ob t a in  

N I r ' E  ~[ = s k q  k and M - - ( l + q k ) s  k + 
k=l k=l 

+ E s i  ~ ( 1 - q i ) " p ( k l i )  , 
k--1 

w h e r e  M i s  the  d i s c r e t e  v e r s i o n  of  t h e  c o n t i n u o u s  r e -  

p r e s e n t a t i o n  g i v e n  by G r e g o r i u s  ( 1 9 7 5 ) .  

The r e c u r r e n c e  r e l a t i o n s  f o r  t he  q u a n t i t i e s  Bt.. c an  
D 

be  o b t a i n e d  i m m e d i a t e l y  i f  we t a k e  into  c o n s i d e r a t i o n  

tha t  two a l l e l e s  f r o m  two d i s t i n c t  i n d i v i d u a l s  in g e n e r a -  

t i on  t ,  wh ich  a r e  d e r i v e d  f r o m  the  s a m e  ind iv idua l  in 
I / p t - 1  t - l )  

g e n e r a t i o n  t - l ,  h a v e  p r o b a b i l i t y  ~ k ii  + Pi to 

1 p t - 1  to be  A i and Aj :  be  both  A i and the  p r o b a b i l i t y  2 i j  
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Rt" lil =~Mt(Pt-lii + pit-l)+ (l-Mt)Rti;l (4a) p~ =r~=Pi forall t, 

R!.Ij -- JM2 tPt-lij + (l-Mt)Rt-lij for i/j (4b) 

The r e l a t i o n s h i p  be tween the e x p e c t e d  gene t i c  s t r u c -  

t u r e s  of two s u c c e s s i v e  g e n e r a t i o n s  t -1  and t can  be 

d e r i v e d  by d i s t i ngu i sh ing  be tween  t h r e e  d i f fe ren t  p o s s i -  

b i l i t i e s  fo r  the  f o r m a t i o n  of  an o f f s p r i n g ' s  geno type :  

f i r s t l y ,  i t  may  be p r o d u c e d  by s e l f - f e r t i l i z a t i o n  and thus  
1/pt-1 

has  p r o b a b i l i t y  ~ \ i i  + Pi to be AiA i and p r o b a b i -  
1 p t - 1  

l i ty  ~ ij to be A i A j ;  s econd ly ,  i t  may  be p r o d u o e d b y  

c r o s s - f e r t i l i z a t i o n  and the  two p a r e n t a l  a l l e l e s  a r e  d e -  

r i v e d  f rom the s a m e  g r a n d p a r e n t ,  in which c a s e  they  have  
1 / p t - 2  t - 2 )  

p r o b a b i l i t y  -~ % ii + Pi to be both A i and p r o b a b i l i -  
1 p t - 2  

ty 2 ij to be A i and A . ;  t h i r d l y ,  i t  may  be p r o d u c e d  
3 

by c r o s s - f e r t i l i z a t i o n  and the two p a r e n t a l  a l l e l e s  a r e  

d e r i v e d  f rom two d i s t i nc t  g r a n d p a r e n t s ,  in which c a s e  

they have p r o b a b i l i t y  Rt. -2  to be A. and A. ( i~/j and lj i j 
i=j). In all 

pt  i-- ( p t - 1  t - l )  1 
ii  = ~ q t - 1  i i  + P i  + ~ ( 1 - ~ t - 1  ) • 

( p t - 2  t -2  Rt-2  
X Mt_ 1 \  ii  + Pi ) + ( 1 - ~ t - 1 ) ( 1 - M t - 1 )  i i  

(5a) 

p}. 1-- , pt.-1 1 ( 1 _ ~  t 1) x 
lJ = ~ q t - 1  13 + ~ - 

(i-~ �9 p t : 2  1) (1-Mt_l )Rt~j  2 .  fo r  i/j, 
• Mt -1  1] + - 

(Sb) 

and f rom th i s  

t t -1  l _ M t ) r ~ - I  ( 6 )  
r i  = Mt"  Pi + ( 

t t - 1  - t 1) x Pi = Pi " q t -1  

+ r t - 2  (7) X Mt_ 1 �9 pti-2 (1-~t-l)(1-Mt-1) i 

B e c a u s e  t h e s e  r e s u l t s  hold  for  a l l  t ,  i t  i s  p o s s i b l e  

to i n s e r t  equat ion  (4a)  into ( 5 a ) ,  (4b) into (5b) and (6)  

into (7 ) .  F r o m  th i s  we obta in  

i i  = ~ q t - 1  i i  + Pi - (8a)  

pt i- . pt-1 t-1 (Sb) 
, j  = 2-qt-1 ii + ( 1 - q t - 1 ) R i j  

t -- t -1  ( l_qt_ 1) r :  1 (9)  Pi = q t -1  " P i  + 

In mos t  c a s e s  for  the  in i t i a l  g e n e r a t i o n  ( t=0) the  con-  

di t ion p? = r ? = :  Pl i s  fu l f i l l ed ,  which in t u rn  i m p l i e s  

i . e .  the  expec t ed  gene t ic  c o m p o s i t i o n  does  not change  in 

the  c o u r s e  of  the  g e n e r a t i o n s .  This condi t ion  i s  r e a l i z e d  

if ,  fo r  e x a m p l e ,  the  in i t i a l  popula t ion  i s  of h y p o t h e t i c a l -  

ly  in f in i te  s i z e .  As  can  be taken  f rom equa t ions  (4)  and 

(8) Mt = qt-1  l e a d s  to p t  = R! fo r  a l l i ,  j ,  which ,  r e -  ' lj *j 

ca l l i ng  the def in i t ion  of R t. lj  ' i s  equ iva len t  to the  c o r r e -  

sponding r e s u l t s  ob ta ined  fo r  c o m p l e t e  p a n m i x i a  ( s e e  e .  g .  

Li, 1963, p . 2 0 9 ) .  On the o t h e r  hand q t -1  = 0 i m p l i e s  

p t .  = Rt.-1 fo r  a l l  i j which r e f l e c t s  the we l l -known  
M 1] 

f indings  for  r a n d o m - m a t i n g  monoec ious  popu la t ions  in 

the a b s e n c e  of s e l f - f e r t i l i z a t i o n  and for  r a n d o m - m a t i n g  

d ioec ious  popula t ions  ( s e e  e . g .  J a c q u a r d ,  1974, p .  180) .  

These  s t a t e m e n t s  a r e  by no m e a n s  t r i v i a l  s i n c e  t h e y a l s o  

c o v e r  c a s e s  where  r a n d o m  union of g a m e t e s ,  b e c a u s e  of  

l i m i t e d  po l len  d i s p e r s a l ,  can not be a c t u a l l y  v e r i f i e d � 9  

The r e l a t i o n s h i p  be tween  the r e s u l t s  s t a t e d  in e q u a -  

t ions  (4)  and (8) a n d t h e  a v e r a g e  c oe f f i c i e n t s  of i n b r e e d -  

ing and k insh ip  can  be e s t a b l i s h e d  as  fo l l ows :  

F o r  the  p r e s e n t  s i t ua t ion  we have the r e c u r r e n c e  r e -  

l a t i ons  ( G r e g o r i u s  1975) : 

1 m 

ft = 2- qt-l(l+ft-1) + (l-qt-1)~t-1 and ( 1 0 a )  

1 
q~t = "2 Mt ( l + f t - l )  + (1-Mt)q~t-1 (lOb) 

If for  the  in i t i a l  g e n e r a t i o n  (t=0) we a s s u m e  

fo =q~o = 0 and p? = r ~ t i = Pi' such that Pi = Pi for all 

t, it can be shown easily that the following statement 

satisfies equations (4a) , (4b) , (8a) and (8b) : 

Piit = Pi �9 ft + Pi2(1-ft ) + at(Pii - Pi 2 ) (11a) 

pt. (l-ft) + at (Pij for i / j  (11b) lj  = 2PiP j - 2PiP j )  

Rt " + p2(1-~ ' t )  + bt (Pii - p2)  (12a) i i  = Pi ~~ 

R t. lj  = 2PiPj (1 -~ t )  + bt (P i j  2PiPj) fo r  i~j (12b) 

where  the  P . .  ' s  denote  the gene t ic  s t r u c t u r e  of  the  i n i -  
1] 

t ia l  popula t ion ,  and the quan t i t i e s  a t ,  b t a r e  d e t e r m i n e d  

by the r e c u r r e n c e  r e l a t i o n s  

1 -  + ( - 0 3 a )  
at = ~ q t - 1  " a t -1  1 - q t - 1 ) b t - 1  

1 + (1-Mt)bt 1 (13b) b t = ~ M t �9 at_ 1 

with the in i t i a l  cond i t ions  a = 1 and b = 0.  
O O 
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W h e r e  t he  g e n e t i c  s t r u c t u r e  o f  t he  i n i t i a l  popu la t i on  

a g r e e s  wi th  t h e  H a r d y - W e i n b e r g - p r o p o r t i o n s ,  e q u a t i o n s  

(11)  r e d u c e  to W r i g h t ' s  (1922)  w e l l - k n o w n  f o r m u l a e ,  

w h i l e ,  d i s r e g a r d i n g  t h e  i n i t i a l  s t r u c t u r e ,  f o r  q t  = 0 f o r  

a l l  t and  t h u s  a t = bt_ 1 e q u a t i o n s  (11)  and (12)  c o i n -  

c i d e  wi th  t he  r e s u l t s  g i v e n  by J a c q u a r d  (1974,  p .  182) .  

F u r t h e r m o r e ,  the  a b o v e  r e p r e s e n t a t i o n s  d e m o n s t r a t e  

c l e a r l y  wh ich  a s p e c t s  of  t he  e x p e c t e d  g e n e t i c  s t r u c t u r e  

( c o n c e r n i n g  t h e  P ' s and R ' s )  a r e  d i r e c t l y  i n f l u e n c e d  

by the  c o e f f i c i e n t  of  i n b r e e d i n g  o r  by the  c o e f f i c i e n t  of  

k i n s h i p .  

B e c a u s e  d e v i a t i o n s  of  t he  g e n e t i c  s t r u c t u r e  of  the  i n i -  

t i a l  p o p u l a t i o n  f r o m  H a r d y - W e i n b e r g - p r o p o r t i o n s  a r e  t he  

r u l e  r a t h e r  t han  t h e  e x c e p t i o n ,  e q u a t i o n s  ( 11 ) t e l l  us tha t  

i t  i s  n e c e s s a r y t o  s p e c i f y  ft a s  w e l l  a s  a t i f  we a r e  a i m -  

ing  at a representation of the expected genetic structure 

in generation t which does not explicitly involve the ini- 

tial structure. 

From these findings it becomes evident once more 

that the interrelation between the coefficient of inbreed- 

ing and the expected genetic structure depends on the 

system of mating. This aspect gains particular signifi- 

cance when referredto what we called the initial popula- 

tion, because its members could already have been re- 

lated and inbred to a certain degree, which thus would not 

agree with our initial condition fo = r176 = 0. But this 

seeming contradiction can be solved if we proceed from 

the concept that we exclusively intend to determine this 

part of the amount of genetic relationship and inbreeding 

which is generated by the system of mating employed, 

and that we furthermore represent all the preceding in- 

fluences of inbreeding by the genetic structure of the ini- 

tial population. This concept is indispensable if we con- 

sider - as pointed out above - that the system of inbreed- 

ing practised to obtain the initial population might de- 

termine its genetic structure in an entirely different 

way than does the system starting from this population. 

For completeness it should be emphasized that the 

concept of effective population size - in this case the in- 

breeding effective population size (for definition see e.g. 

Kimura and Ohta, 1971 ) - generally can not be applied to 

our results, since for monoecious individuals it refers 

exclusively to the special cases __q* = 0 and M t = --q--*-I 

for all t. On the other hand, if we consider that in the 

ideal case, in which all individuals contribute equally 

to the  o f f s p r i n g  g e n e r a t i o n ,  i . e .  

N 

Sk = ~ '  qk = q '  P ( k l i )  = 1 f o r  a l l  k = 1 . . . . .  N ,  

i=1 

I 
we obtain M = ~ , it is reasonable to extend the conven- 

tional concept by defining the effective population size 

N t in g e n e r a t i o n  t a s  N t - 1 
e e Mt+ 1 

F i n a l l y ,  we sha l l  b r i e f l y  t r e a t  a g e n e r a l i z a t i o n  of t he  

p r e v i o u s  f ind ings  which ,  f o r  e x a m p l e  a p p l i e s  to c e r -  

t a in  f o r e s t r y  t r e e  b r e e d i n g  p r o g r a m s  c o n n e c t e d  w i t h t h e  

e s t a b l i s h m e n t  of  s e e d  o r c h a r d s .  It i s  a s s u m e d  tha t  e a c h  

p lan t  i s  p r o p a g a t e d  v e g e t a t i v e l y  by a c e r t a i n  n u m b e r  

( c a l l e d  a c l o n e )  which  d o e s  not  depend  on i t s  g e n o t y p e .  

Wi th in  the  s c o p e  of  o u r  m o d e l ,  t h i s  m e a n s  tha t  e a c h  i n -  

d iv idua l  can  be  i d e n t i c a l l y  r e p r o d u c e d  s e v e r a l  t i m e s ,  

and that, because of this, all those quantities which re- 

ferred to the probability that two alleles are derived 

from the same individual now have to be conceived as 

probabilities that two alleles are derived from the same 

clone. If C t denotes the probability that two distinct in- 

dividuals in generation t belong tothe same clone, then 

within all the preceding formulae 

qt has  to be  s u b s t i t u t e d  by q'-~ = qt  + ( 1 - ~ t ) C  t and 

M t h a s  to be  s u b s t i t u t e d  by M~ = M t + ( 1 - M t ) C t _  1. 

In p a r t i c u l a r ,  i f  in g e n e r a t i o n  t a l l  L t c l o n e s  h a v e  

equa l  s i z e  Kt ,  a n d t h e r e f o r e t h e  popu la t i on  s i z e  i s  equa l  

to N t = K t -  Lt,  we ob t a in  

K t -  1 

Ct = N t - 1  

The v a r i a n c e  of  the  a l l e l e - f r e q u e n c y .  P r o b a b i l i t y  t h e o r y  

o f f e r s  s e v e r a l  p o s s i b i l i t i e s  to d e s c r i b e  the  i m p l i c a t i o n s  

o f  r a n d o m  s a m p l i n g .  P r o b a b l y  the  m o s t  c o m m o n l y  u s e d  

c o n c e p t  f o r  r e c o r d i n g  t h e s e  e f f e c t s  i s  tha t  of  t he  v a -  

r i a n c e .  To c o m p l e t e  t he  p r e c e d i n g  c o n s i d e r a t i o n s  of  t he  

e x p e c t e d  g e n e t i c  s t r u c t u r e  by t ak ing  into accoun t  t he  

a c c i d e n t s  of  s a m p l i n g ,  t he  v a r i a n c e  of  t he  a l l e l e - f r e -  

q u e n c y  f o r  e a c h  a l l e l e  A i i s  c o m p u t e d .  

With r e f e r e n c e  to the  no t a t i on  in c a s e  A ) ,  we now 

d e f i n e  p~t ,  p~,t and p.,tlj a s  Pi' ' Pi" and P.'.Ij in g e n e r a t i o n  

t .  Us ing  t h e s e  q u a n t i t i e s ,  which  h a v e  to be  r e g a r d e d  a s  

r a n d o m  v a r i a b l e s ,  we a r e  a b l e  to w r i t e  t he  v a r i a n c e  of  

the  f r e q u e n c y  of  a l l e l e  A in g e n e r a t i o n  t a s  
1 

app ly ing  the  s t a n d a r d  no t a t i on  fo r  the  e x p e c t a t i o n  and the  

c o n d i t i o n a l  e x p e c t a t i o n  of  r a n d o m  v a r i a b l e s .  

F r o m  a r e s u l t  o b t a i n e d  by one  of  t he  a u t h o r s  ( G r e g o -  

r i u s  1975a,  e q u .  ( 2 ) ) ,  it can  be  d e r i v e d ,  that  
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E(tp~' t)21p~t-t ,P;;-1) = 

2N t ( P l  t - 1  - 

Pi , t - 1  and c o n s e q u e n t l y  V ( P i ' t - 1  ) a r e  not  a f f e c t e d  by 

t h e s e  c o n s i d e r a t i o n s ,  s i n c e  a l l  t he  n e c e s s a r y  i n f o r m a -  

t ion  i s  a l r e a d y  c o n t a i n e d  in R t . . .  
11 

F u r t h e r m o r e ,  f r o m  the  s t a t e m e n t s  of c a s e  B) we  c o n c l u d e  

E(Pi't-1) :P i '  E(Pl i t -1) = pt and E( (p i ' t -1 )2 )=  R t 
i i  l i  " 

Thus 

1 + p t  1 R t 2 (14) 

wh ich  r e l a t e s  t he  v a r i a n c e  wi th in  a g i v e n  g e n e r a t i o n  to 

i t s  e x p e c t e d  g e n e t i c  s t r u c t u r e .  

B e c a u s e  the  e x p e c t e d  g e n e t i c  s t r u c t u r e  in g e n e r a -  

t ion  t d o e s  not  d e p e n d  on the  p o p u l a t i o n  s i z e  N t of  

t h i s  g e n e r a t i o n ,  t he  above  e q u a t i o n  t e l l s  us  tha t  f o r  

N t ~ c o  we ob t a in  p~,t ~ p~ t wi th  p r o b a b i l i t y  one  and 

ii - Pi ' which is the va- 

riance of the expected frequency of allele A i within the 

progeny derived from generation t-I (compare case 

A). It is now possible to restate equation (14) to depict 

this part of the total variance which is due to random 

sampling of individuals within one generation: 

V(Pi 't) -~-~- " ( P i + P ~ i ) - R  t + V(Pi't-1 ) (14a) ii 

It must be emphasized that N t refers to the number 

of individuals resulting from random sampling, and so 

does the allele-frequency p,~t. Therefore, if only L t out 

of the total of N t individuals are selected at random, 

while the remainder is obtained from these L t plants 

by vegetative propagation performed with no regard to 

genotypes, then N t in equations (14) and (14a) has to 

be replaced by Lt, and Pi't describes the corresponding 

allele-frequency for those L t plants. On the other hand, 

2. A p p l i c a t i o n s  

2 . 1 .  The g e n e t i c  s t r u c t u r e  o f  the  p r o g e n y  d e r i v e d  f r o m  

an e x p l i c i t l y  d e s c r i b e d  p a r e n t a l  p o p u l a t i o n  ( s e e  c a s e  A)  

As  a l r e a d y  m e n t i o n e d  in c h a p t e r  1, the  f o r m u l a e  w e r e  

d e v e l o p e d  f o r  the  s p e c i a l  c a s e s  w h e r e  e x a c t  k n o w l e d g e  

about the actual parental genetic structure is available 

and a direct determination of possible deviations between 

their structure and that of the progeny is needed. This 

may be important, for example, if among the clones in 

a seed orchard a few outstanding genotypes are identi- 

fied, which should be obtained with the same expected 

frequency within the seed population. For such an expli- 

cit case the result can be obtained quite easily by using 

equations (2). 

Accepting random cross-fertilization and the special 
1 

assumptions s k = ~ and qk = q; that is, each tree par- 

ticipates in seed production to the same extent and is 

characterized by the same average amount of self-ferti- 

lization, the genetic structure of the progeny depends 

only on the parental allelic and genotypic frequency (Pi" 

Pi~ resp. Pii), the rate of self-fertilizati0n (q) and the 

number of clones (L, where L = N, if each clone is re- 

presented by one individual ). Of the variety of actual 

situations, only a few examples within the two-allele- 

concept will be presented: for instance the influence of 

q on the P.'. and P.'.. As a measurement of differences 
l l  1J 

b e t w e e n  the  o b t a i n e d  g e n e t i c  s t r u c t u r e s  and the  c o r r e s -  

pond ing  H a r d y - W e i n b e r g - p r o p o r t i o n s  f o r  t he  p a r e n t a l  and 

the  s e e d  p o p u l a t i o n ,  the  r e s p e c t i v e  g e n e t i c  d i s t a n c e s  d "  

and d '  w e r e  c a l c u l a t e d  a c c o r d i n g  to e q u a t i o n  (3 ) �9  

Table 1. The genetic structure of the parental (PI'I) and resulting seed (P~'~) population and the 
respective genetic distance (d", d') to the corresponding Hardy-Weinberg-proportions for dif- 
ferent rates of self-fertilization (q) and population-size N = 20 

' ' P '  d '  q L = N  P"22 d" P l l  P12 22 

.0  20 .50  .50  . 25  .50  . 2 5  .0000 .243  .513 .243  
1 /N .250  .500 .250 
.3 .283  .434  .283  
.8 .338  .324  .338  

.0135  

.0000  

.0660  

.1760  

.0  20 . 15  . 85  .10  .10  .80  .1550 .017 .266  .717  
1/N .023 .255 .723 
.3  .050 .201 .750  
.8  . 095  .110  �9  

. 0110  

.0000  

.0545  
�9 1618 
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In the first case we assumed the parental population to 

be in Hardy-Weinberg-proportions, in the second case we 

considered a deviation from this situation. The data con- 

firm that in both cases the corresponding Hardy-Wein- 

berg-proportions are attained in the progeny only in the 

case of complete panmixa (q = I/N). Any change of q 

from I/N towards 0, as well as towards I, causes in- 

creasing genetic distances d'. Comparing the values of 

d' and d", it is obvious that a deviation of the parental 

population from corresponding Hardy-Weinberg-propor- 

tions d" can, with an increasing rate of self-fertiliza- 

tion, be exceeded by the respective deviation of the seed 

population d' 

An increase in the number of trees per clone in the 

parental population will not change the genetic structure 

of the progeny. 

2.2. The expected genetic structures (see case B) 

If no exact determination of the parental genetic struc- 

ture is available, the probability distribution of this 

structure has to be considered and calculations will be 

performed for several successive generations as de- 

scribed in case B. 

This will be done in 4 steps: 

a) description of the influence of the pollen distri- 

bution which is contained in the parameter M, 

b) calculation of the coefficients of inbreeding and 

the parameters a t, 

c) determination of some expected genetic structures 

corresponding to b), 

d) description of the variance of the allele-frequency. 

a) Description and determination of M. The parameter M 

(as defined in chapter I. 2) determines the values of the 

coefficients of inbreeding and kinship as well as those of 

thegenetic structure (see(10), (13), (4) and (8)). M 

is important because it is the only parameter which re- 

flects the influence of the pollen dispersal, the individual 

rates of self-fertilization and the actual population-size 

on the expected genetic structures. As already demon- 

strated, for a clear interpretation of M, it is useful to 

conceive it as the reciprocal value of the effective popu- 
i 

lation size Ne, i.e. N e =~. Therefore, instead of the 

M 's, the N's are listed in the table below. 
e 

To direct attention to the role played by pollen disper- 

sal, it is convenient to assume no variation in the rates 

of self-fertilization (i.e. qk=q for all k) or in the indi- 

I 
vidual seed and pollen production (i.e. s k = ~ for all k, 

where N = population size). As no exact data for pollen 

dispersal within seed orchards are available, we accept 

an exponential distribution, in accordance with published 

results which refer to pollen dispersal of individual trees 

in stands (Bateman 1947, Schmidt 1970, Miiller 1974). 

Proceeding from an exponential pollen distribution, the 

mating probabilities p(k li) within M are obtained with 

the help of Bayes's theorem, which here attains the 

representation 

exp( 5 Jkil) 
p(k{i) = D 

5 
r exp(-~ " li-j]) 
J 

jli 

w h e r e  I k - i l  i s  the  d i s t a n c e  b e t w e e n  p l a c e s  k and  i ,  and  

D d e s c r i b e s  the  r a n g e  of  p o l l e n  d i s t r i b u t i o n  f o r  i nd iv idua l  

t r e e s .  This  r a n g e  i s  d e f i n e d  a s  t he  d i s t a n c e  wi th in  w h i c h  

96~ of  t h e  e m i t t e d  p o l l e n  s e d i m e n t s .  The i n d i v i d u a l s  of  

t he  s e e d  o r c h a r d  a r e  s u p p o s e d  to be  a r r a n g e d  a c c o r d i n g  

to a s i m p l e  s q u a r e  g r i d ,  the  d i m e n s i o n s  of  w h i c h  will  be  

v a r i e d .  N i s  c a l c u l a t e d  f o r  D = 20, 50, 100 m e t e r s ,  
e 

N = 400 (20 • 20, 40 • 10) ,  100 (10 • 10, 20 • 5) ,  25 

(5 • 5) trees, q = 0 and q = 0.3. The grid-distance is 

consideredto be constant for all cases, namely 7 metres. 

The information contained in the following table is 

easier to survey if it is kept in mind that the effective 

population size N e is equal to the actual population size 

N, if all parents contribute equally to the progeny as 

mentioned in chapter I. 2. This situation may be real- 

ized indifferent ways, one of which is that of random- 

cross-fertilization. 

Table 2 demonstrates that the deviations between 

N and N are surprisingly small in all cases, so that 
e 

the range of pollen dispersal is less effective than might 

have been expected. 

The percentage deviations between N and N decrease 
e 

with increasing rates of self-fertilization, a fact which 

confirms that a reduction in cross-fertilization suppres- 

ses the influence of pollen dispersal. 

Considering that we assumed no variation in the rates 

of self-fertilization, pollen- and seed-production and 

pollen-dispersal of the individual trees, the deviations 

obtained can be explained exclusively as marginal ef- 

fects. As seen from the table, it is not possible to in- 

terpret the effect of D, N and type of arrangement onthe 

deviations independently of one another. An illustration 

of the kind of dependence between these variables would 

require more sophisticated investigations, which are 

beyond the scope of this paper. 
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T a b l e  2.  V a l u e s  of  t h e  e f f e c t i v e  p o p u l a t i o n - s i z e  Ne a n d  p e r c e n t a g e  d e v i a t i o n s  of  Ne f r o m  t h e  
p o p u l a t i o n - s i z e  N f o r  d i f f e r e n t  N ' s ,  r a n g e s  of  p o l l e n - d i s p e r s a l  (D)  a n d  r a t e s  of  s e l f - f e r t i l i -  
z a t i o n  (q )  

N = 400 N = 100 N = 25 

20 • 20 % 40 • 10 % l 0  • 10 o% 20 • 5 % 5 • 5 % 

q = 0 3 9 9 . 2 0  . 20  3 9 8 . 8 8  . 28  9 9 . 5 4  . 46  9 9 . 3 9  . 61  2 4 . 7 2  1 . 1 2  
D =  20 

q = 0 . 3  3 9 9 . 5 2  . 1 2  3 9 9 . 5 2  . 1 2  9 9 . 7 7  . 2 3  9 9 . 7 0  . 3 0  2 4 . 8 6  . 56  

q =  0 3 9 8 . 8 8  . 2 8  3 9 8 . 4 1  . 40  9 9 . 3 5  . 6 5  9 9 . 4 8  . 5 2  2 4 . 7 9  . 84  
D =  50 

q = 0 . 3  3 9 9 . 3 6  . 16  3 9 9 . 2 0  . 2 0  9 9 . 6 8  . 3 2  9 9 . 7 5  . 2 5  2 4 . 8 9  . 4 4  

q =  0 3 9 7 . 9 3  . 5 2  3 9 8 . 2 5  . 4 4  9 9 . 3 4  . 66  9 9 . 6 3  . 37  2 4 . 9 1  . 3 6  
D = 100 

q =  0 . 3  3 9 9 . 0 4  . 2 4  3 9 9 . 2 0  . 20  9 9 . 6 8  . 3 2  9 9 . 8 2  . 18  2 4 . 9 6  . 1 6  

A s  a c o n s e q u e n c e  of  t h e  e x t r e m e l y  s m a l l  d e v i a t i o n s  

o b t a i n e d  b e t w e e n  N a n d  N,  t h e  s u b s e q u e n t  c a l c u l a t i o n s  

of  f t '  a t  a n d  p t  e i i  wi l l  b e  b a s e d  on  t h e  a s s u m p t i o n  of  

r a n d o m  c r o s s - f e r t i l i z a t i o n ,  t h a t  i s  N e = N o r  e q u i v a -  

1 l e n t l y  M = ~ .  

b )  C a c u l a t i o n  of  t h e  c o e f f i c i e n t s  of  i n b r e e d i n g  f t  a n d  t he  

p a r a m e t e r s  a t ._. To c a l c u l a t e  t h e  c o e f f i c i e n t s  of  i n b r e e d -  

ing  ft  f o r  g e n e r a t i o n  t w i t h  t h e  h e l p  of  t h e  d e r i v e d  r e -  

c u r r e n c e  r e l a t i o n  ( 1 0 ) ,  i t  i s  n e c e s s a r y  to  s p e c i f y ,  b e -  

s i d e s  t h e  p a r a m e t e r s  M a n d  q, t h e  c o e f f i c i e n t s  of  k i n -  

s h i p  ~0 t i n  g e n e r a t i o n  t .  On t h e  o t h e r  h a n d ,  h a v i n g  i n  

m i n d  a d e s c r i p t i o n  of  t h e  e x p e c t e d  g e n e t i c  s t r u c t u r e ,  

w h i c h  c a n  b e  r e p r e s e n t e d  a s  a f u n c t i o n  of  t he  c o e f f i c i e n t  

of  i n b r e e d i n g  a n d  t h e  p a r a m e t e r  a t o n l y  ( s e e  ( 1 1 ) ) ,  we 

c o n f i n e  o u r  c a l c u l a t i o n s  to t h e s e  q u a n t i t i e s .  

C a l c u l a t i o n s o f t h e  f t ' s  w i l l b e  p e r f o r m e d  f o r  t h e  s a m e  

c a s e s  a s  b e f o r e  a n d  in  a d d i t i o n  t h e  n u m b e r  of  c l o n e s  L 

b e  r e d u c e d  b y  a f a c t o r  ~--- = 5 .  The  l a t t e r  r e f e r s  to  wi l l  t h e  

f a c t  t h a t  in  s e e d  o r c h a r d  l a y - o u t s  e a c h  c l o n e  i s  r e p r e -  

s e n t e d  by  m o r e  t h a n  o n e  i n d i v i d u a l .  The  r e d u c t i o n  of  t h e  

n u m b e r  of  c l o n e s  i n d u c e s  a n  a p p a r e n t  q a n d  M,  d e n o t e d  

a s  q '  a n d  M ' ,  r e s p e c t i v e l y ,  w h i c h  b o t h  e x c e e d  t h e  c o r -  

r e s P o n d i n g  a c t u a l  v a l u e s ,  a c c o r d i n g  to  t h e  f o r m u l a e  

g i v e n  a t  t h e  e n d  of  c h a p t e r  1 . 2 ,  c a s e  B ) .  E a c h  f i g u r e  i s  

c o m p l e m e n t e d  b y  a t a b l e  o f  c o r r e s p o n d i n g  p a r a m e t e r s  

a t ,  w h i c h  m e a s u r e  t h e  r e d u c t i o n  of  t h e  c o n t r i b u t i o n  f r o m  

t h e  d e v i a t i o n  w i t h i n  t h e  i n i t i a l  p o p u l a t i o n  b e t w e e n  t h e  

a c t u a l  a n d  t h e  c o r r e s p o n d i n g  H a r d y - W e i n b e r g - s t r u c t u r e  

f o r  e a c h  g e n e r a t i o n .  B o t h  p a r a m e t e r s  ft  a n d  a t a r e  i n -  

d e p e n d e n t  of  a n y  a s s u m p t i o n  c o n c e r n i n g  t h e  g e n e t i c  s t r u c -  

t u r e  of  t he  i n i t i a l  p o p u l a t i o n ,  so  t h a t  t h e y  r e f l e c t  p u r e l y  

t h e  i n f l u e n c e  of  t h e  m a t i n g  s y s t e m .  A l t h o u g h  a d i s c o n -  

tinuous representation would be correct, for clarity we 

decided in favour of a continuous one. 

The fact that the effective population size N e com- 

prises the influences of N as well as L allows simplifica- 

tion of the interpretation of the above figures as follows. 

For any given rate of self-fertilization (actual or appa- 

rent), decreasing values of N e cause a considerablein- 

crease in the increments per generation. To prevent pos- 

sible m i s u n d e r s t a n d i n g s  i t  s h o u l d  b e  p o i n t e d  ou t  t h a t  t h e  

v a l u e s  of  q g i v e n  in  t h e  f i g u r e s  i n  a l l  c a s e s  a r e  t h e  a c -  

t u a l  r a t e s  of  s e l f - f e r t i l i z a t i o n .  

F o r  a n y  g i v e n  e f f e c t i v e  p o p u l a t i o n  s i z e  ( a c t u a l  o r  a p -  

p a r e n t ) ,  c h a n g i n g  v a l u e s  f o r  q c a u s e  m a r k e d  d i f f e r e n -  

c e s  in  i n c r e m e n t s  o n l y  f o r  t h e  f i r s t  g e n e r a t i o n ,  w h i l e  f o r  

t h e  f o l l o w i n g  g e n e r a t i o n s  t h e  i n c r e m e n t s  p e r  g e n e r a t i o n  

b e c o m e  v e r y  s i m i l a r .  

The s p e c i a l  i n f l u e n c e  of  t h e  n u m b e r  of  c l o n e s  o n  t h e  

c o e f f i c i e n t s  o f  i n b r e e d i n g  c a n  b e  t a k e n  f r o m  t h e  f i g u r e s ,  

w h e n  f o r  a n y  g i v e n  N a n d  a c t u a l  q t h e  two d i f f e r e n t v a l -  

u e s  of L a r e  c o n s i d e r e d .  In a l l  c a s e s  t h e  f t  f o r  t h i s  p a i r  

of  L ' s  a r e  d i v e r g i n g  f o r  t h e  f i r s t  t e n  g e n e r a t i o n s ,  a t e n -  

d e n c y  w h i c h  i s  p r o n o u n c e d  w i t h  d e c r e a s i n g  N.  

B e c a u s e  of  t h e  i n i t i a l  c o n d i t i o n s  fo =~~ = 0 a n d  a o = 1, 

b ~ = 0 ,  t h e  v a l u e s  f o r  a 1 a l w a y s  c o i n c i d e  w i t h  t h o s e  f o r  

1 1 
f l '  n a m e l y a  1 = f l  = - 2 q  a n d  a 1 = f l  = ~ q ' '  a s  t a k e n  

f r o m  (10)  a n d  ( 1 3 ) .  The  r e s p e c t i v e  t a b l e s  s h o w  t h a t  c o n -  

s i d e r a b l e  i n f l u e n c e s  o f  t h e v a l u e s  of  a t o n  t h e  e x p e c t e d  

g e n e t i c  s t r u c t u r e  a r e  o b t a i n e d  f o r  t h e  f i r s t  g e n e r a t i o n  

o n l y .  F o r  a l l  s u c c e s s i v e  g e n e r a t i o n s  t h e s e  i n f l u e n c e s  

a r e  n e g l i g i b l e .  

c )  C a l c u l a t i o n s  of  t h e  e x p e c t e d  g e n e t i c  s t r u c t u r e s .  B e -  

c a u s e  of  t h e  s i m p l e  f u n c t i o n a l  r e l a t i o n s h i p  b e t w e e n  t h e  
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F i g .  1 - 3 .  The c o e f f i c i e n t s  of  i n b r e e d i n g  ft  in g e n e r a t i o n  
t a s  a f u n c t i o n  of t .  q = r a t e  of s e l f - f e r t i l i z a t i o n ;  N - 
p o p u l a t i o n  s i z e ,  L = n u m b e r  of  c l o n e s ;  N a s  we l l  a s  
L a r e  a s s u m e d  to  b e  t h e  s a m e  f o r  al l  g e n e r a t i o n s .  All  
c l o n e s  a r e  c o n s i d e r e d  to  h a v e  t h e  s a m e  s i z e  K,  s u c h  
tha t  N = K - L 

Tab le  3. 

N = 400 

L = 400 L = 80 

t q = .0  p = .3  q = .0  q = .3  

1 .00000 .15000 .00501 .15351 
2 .00125  .02337 .00621 .02790 
3 . 00125  .00451 .00617 .00922  

I0 .00123 .00120 .00591 .00568 

Table  4.  

N = I00 

L = I00 L = 20 

t q = .0  q = .3  q = .0  q = .3  

1 .00000 �9 15000 .02020 .16414  
2 .00500 .02600 .02440 .04374  
3 .00495  .00789 .02377 .02589  

10 .00478 .00461 .01993 .01871 

Table  5. 

N - - 2 5  

L = 2 5  L = 5  

t q = .0  q = .3  q = .0  q = .3  

1 .00000 .15000 .08333 .20833  
2 .02000 .03650 .09028 .10174  
3 .01920 .02102 .08113 .08001 

I0 .01672  .01589 .03936  .03362  

Table  3 - 5 .  V a l u e s  of  a t  ( f o r  d e f i n i t i o n  s e e  t e x t )  f o r  a 
g i v e n  p o p u l a t i o n  s i z e  ( N ) ,  d i f f e r e n t  n u m b e r  of  c l o n e s  
(L) ,  r a t e s  of  s e l f - f e r t i l i z a t i o n  ( q ) a n d  g e n e r a t i o n s  ( t )  

c o e f f i c i e n t  o f  i n b r e e d i n g  and  the  e x p e c t e d  g e n e t i c  s t r u c -  

t u r e  ( s e e  (11)  ) ,  we r e s t r i c t  r e p r e s e n t a t i o n s  to o n e  o f  

t h e  e x a m p l e s  t r e a t e d  in t h e  p r e c e d i n g  c h a p t e r  ( f i g u r e  3 ) .  

As  a r e p r e s e n t a t i o n  of  the  s i n g l e  g e n o t y p i c  f r e q u e n c i e s  

 oro 

t h a n  i s  c o n t a i n e d  in the  to ta l  a m o u n t  o f  t he  h o m o z y g o t e s ,  

we d e c i d e d  to u s e  t he  f r e q u e n c y  o f  t h e  h o m o z y g o t e s  

Ht = ~ Ptii o n l y .  F u r t h e r m o r e ,  t he  f ac t  t ha t  d e v i a t i o n s  

i 

f r o m  H a r d y - W e i n b e r g - p r o p o r t i o n s  wi th in  the  i n i t i a l  p o -  

p u l a t i o n  c a n  e a s i l y  be  t aken  in to  a c c o u n t  wi th  t he  h e l p  

o f  t he  q u a n t i t i e s  a t s u g g e s t s  t ha t  the  i n v e s t i g a t i o n s  c a n  

be  b a s e d  on  a H a r d y - W e i n b e r g - s t r u c t u r e ,  w h i c h  in  o u r  

c a s e  s h a l l  be  r e a l i z e d  by the  p r e s e n c e  of  two a l l e l e s  

wi th  equa l  f r e q u e n c i e s .  

F i g u r e  4 p r o v e s  t ha t  t he  t e n d e n c i e s  of  the  c o e f f i c i e n t  

o f  i n b r e e d i n g  f o r  t he  c o r r e s p o n d i n g  c a s e  p r e s e n t e d  in 
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F i g . 4 .  The p ropor t ion  of homozygo tes  Ht in gene ra t i on  
t as  a function of t ,  us ing fo r  the in i t ia l  populat ion a 
H a r d y - W e i n b e r g - s t r u c t u r e  r e a l i z e d  for  two a l l e l e s  At, 
A~, with equal f r e q u e n c i e s .  F o r  def ini t ion of q, N, L 
see  f i gu re s  I,  2, 3 

I 
N :25 

q=O.3,L=25 

0 2 4. 6 8 10 
t - - - - , - -  

F i g . 5 .  The s t andard  devia t ion  ~r(p,,t )~" of the a l l e l e -  
f r equency  p,lt in gene ra t i on  t as  a function of t .  IRe- 
main ing  notat ions  as well  a s  a s s u m p t i o n s  about the ge -  
ne t i c  s t r u c t u r e  of the in i t ia l  populat ion co inc ide  with 
f igu re  4 

f igu re  3 a r e  d i r e c t l y  t r a n s f e r r e d  to H t .  Of c o u r s e  al l  

the  c u r v e s  have to s t a r t  at the f r equency  of the homo-  

zygotes  a s s u m e d  fo r  the ini t ia l  g e n e r a t i o n .  

d) Ca lcu la t ions  of  the s t a n d a r d - d e v i a t i o n  of the a l l e l e -  

f r e quency .  To enable  i nves t iga t ions  to cont inue based  

on the p r e c e d i n g  f indings,  the fol lowing ca l cu l a t i ons  will  

be p e r f o r m e d  under  the s a m e  a s s u m p t i o n s  chosen  for  

obtaining the r e s u l t s  s ta ted  in f igure  4. 

The i n t e r p r e t a t i o n  of  the fol lowing r e p r e s e n t a t i o n  will 

be f ac i l i t a t ed  if we r e c a l l  that  the s t a n d a r d - d e v i a t i o n  of 

the a l l e l e - f r e q u e n c y  is  a su i tab le  m e a s u r e  fo r  the r i sk  

of los ing  an a l l e l e  because  of acc iden t s  in sampl ing  in-  

d iv iduals  in the c o u r s e  of g e n e r a t i o n s .  Thus the a l l e l e -  

f r equency  p~' , and consequen t ly  i t s  s t a n d a r d - d e v i a t i o n ,  

has to be r e f e r r e d  to the n u m b e r  of  c lones  L. 

B e c a u s e  of the ev idence  of the r e s u l t s ,  it shal l  suf -  

f ice  to point out that m a j o r  changes  in the s t a n d a r d - d e v i -  

ation a r e  caused  by the n u m b e r  of c lones  L, where  de -  

c r e a s i n g  va lues  of L imply  an i n c r e a s e  in the s t a n d a r d -  

dev ia t ion .  
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